We examine a model that blends the neoclassical theory of investment with an intertemporal efficiency wage model with turnover costs. Investment decisions in capital are associated with the allocation of labor and the determination of efficiency wages. The model relates Tobin's q to efficiency wages and, in particular, to the Solow condition. It provides a general framework to analyze firm's intertemporal choices of capital, labor and efficiency wages.
Introduction
The profitability of a firm is inherently connected with the choice of capital and labor. A variation in the firm's stock of capital affects the present value of profits, which makes the firm adjust the quantity of labor employed. In the same vein, a variation in the number of workers employed by the firm impacts in its profitability and leads the firm to adjust the stock of capital. Moreover, changes in the rental price of capital and/or in wages, by affecting the relative prices of labor and capital, have effects on the firm's profitability and led it to adjust its capital stock and/or labor employed. Therefore investment in capital and labor are related through firms profit expectations.
In the literature the dominant framework for analyzing firm behavior has been that of the neoclassical theory of investment, often referred to as the q theory of investment. (The neoclassical approach due to Jorgenson [15] and the q theory suggested by Tobin [26] were unified by Abel [1] and Hayashi [13] .) In its standard formulation, this model relates the decisions of investment on capital to the ratio of the market value of new additional investment goods to their replacement cost, which is called Tobin's q. This simple framework, however, is unable to deal with firms' decisions concerning labor employment and wage setting.
The basic model
Production, employment and capital investment are carried out by many identical competitive firms. Workers are prone to quit in order to find a better pay job. Each of the firms seeks wage, hiring and investment policies to maximize the value of the firm's equity. The representative firm maximizes the present discounted value of its cash flows by choosing at each moment of time the current investment in capital (I), the number of new workers (h), and wage rate (w) paid to its stock of employees (N):
where e − t 0 rs ds is the discount factor, r is the interest rate, and p I is the price of investment goods. The price of the produced good p can be normalized to unity without loss of generality [p = 1], therefore w can be taken as the real wage. In the production function, F(K,e(w)N), labor is measured in efficiency units: E = e(w)N, where labor effort e, is an increasing function of the real wage: e w > 0, e ww < 0. (Given that the firm is price-taker in output and investment goods markets, it is necessary to explain why it is a wage-maker in the labor market. There are several explanations consistent with the efficiency wage hypothesis, firms may prefer to pay higher than the competitive market clearing wage in order to avoid shirking (Shapiro and Stiglitz [23] ), or as a gift-exchange incentive (Akerlof [4] ), or to minimize turnover costs (Salop [21] ).) The production function has the usual properties:
where K is the capital stock. The firm faces two types of costs, adjustment and training costs, relatively to their investment decisions on capital and labor. C(I,K) is the installation or adjustment cost of capital, it is assumed to depend on the size of I relative to K (see Lucas [18] ). Adjustment costs are an increasing and convex in I : C I > 0, C II > 0, and decreasing and convex in K : C K < 0, C KK > 0, and C(0,K) = 0, C IK < 0. Training costs. (In this model training costs are paid by firms. Workers acquire skills specifically for the firm. According to Acemoglu and Pischke [3] firms bear the costs of general training when labor market frictions compress the structure of wages.) Ω(h) are increasing and convex in the number of new hired workers: Ω h > 0; Ω hh ≥ 0. (Yashiv [27] considered general gross hiring costs over search and training costs. He tried many specifications for this function, including a convex one.)
The maximization problem is subject to two dynamic constraints, the capital accumulation equation:
where δ is the rate of physical depreciation of the capital stock, and
which gives the change of employment per unit of time as the difference between the number of employees hired and the number of employed workers who quit. In line with the idea that efficiency wages decrease turnover costs, the quit rate Q(w) is assumed to be a decreasing function of the real wage: Q w < 0; Q ww > 0. To solve the representative firm's problem consider the current value Hamiltonian given by:
where µ and λ are the shadow prices of capital and job creation, respectively. µ is the present discounted value of additional future profits that are due to one additional unit of current investment, while λ is the present discounted value of additional future profits that are due to one additional worker.
Given the assumptions above, the first order necessary and sufficient conditions for the representative firm's problem are the following:
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plus (2.2) and (2.3). Equation (2.5) shows that the marginal opportunity cost of training a new worker equals the shadow value of a trained worker. It states that the firm hires new workers to the point where the cost of creating a job and training a new worker equals the value of an additional worker. In (2.6) the cost of acquiring a unit of capital equals the purchase price plus the marginal adjustment cost. Thus condition (2.6) states that the firm invests to the point where the cost of acquiring capital equals the value of capital.
In (2.7) the marginal impact of wages on output equals one plus the marginal impact of wages in minimizing turnover costs. This condition gives a trade off between the real wage and the turnover cost. Equation (2.8) states that the shadow price of a unit of capital is equal to the present discounted value of the stream of marginal cash flow attributable to an additional unit of capital. Equation (2.9) has an analogous interpretation for an additional trained worker. Equations (2.10) and (2.11) are the transversality conditions. By defining Tobin's marginal q as the ratio of the market value of new additional investment goods to their replacement cost: q = µ/ p I , one has by (2.6):
and by (2.8):
where p I =ṗ I / p I is the rate of growth of the price of investment goods.
The steady state equilibrium [
of this model is given by (2.5), (2.12), and (2.7) plus the following equations:
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The system of (2.5), (2.12), (2.7), (2.14), (2.15), (2.16), and (2.17) determine the optimal equilibrium values of seven unknowns: I, K, w, h, N, q, and λ. One can study this system by examining two separate cases: (i) Linear training costs: Ω h > 0; Ω hh = 0; and (ii) Non-linear training costs:
From (2.5), (2.12), and (2.7) one has:
where ε w is the effort-wage elasticity. A general result of this model, no matter whether training costs are linear or non-linear, is the following.
Proposition 2.1. The effort-wage elasticity is less than one. As a consequence, the Solow condition does not hold.
Proof.
As Ω h (Q w − (e w /e(w))(r + Q(w))) < 0, this implies by (2.18) that ε w < 1. This result is in line with Akerlof and Yellen's [5] criticism that an effort-wage elasticity of unity (ε w = 1, which is the Solow condition) is quite high because of additional costs such as shirking and turnover costs (e.g., Marti [19] ). Because of these costs firms have an incentive to raise the efficiency wage above the one given by the Solow condition, which reduces the effort-wage elasticity below the unity.
By considering the first case in which training costs are linear, (2.18) determines the optimal equilibrium efficiency wage in the model, w * .
Taking an explicit adjustment costs function: C(I,K) = bI 2 /K, gives rise to the following proposition. Proof. Considering C(I,K) = bI 2 /K, we have C I (I,K) = 2bI/K and substituting (2.14) into (2.12) gives the equilibrium optimal value of Tobin's q:
by considering (2.19) and (2.18), it is easy to see that q * does not affect w * and vice-versa, so there is no relation between q * and w * . This is an important result since it establishes that the efficiency wage is set independently of the shadow price of capital which is regarded as the main variable in determining investment decisions in capital.
When non-linear training costs are taken into account Proposition 2.2 does not hold. Instead, with non-linear training costs Tobin's q affects the optimal equilibrium efficiency wages, as well as the optimal equilibrium levels of employment and capital stock.
This can be seen by the equations below. First, notice that by substituting (2.5) and (2.15) into (2.7) and (2.18) yields: Proposition 2.3 shows that in the steady state an increase in the value of equilibrium Tobin's q, q * , leads to an increase in the equilibrium stock of capital K * . At the same time the firm adjusts its quantity of capital to its work force, it has an incentive to hire new workers due to two factors. First, the introduction of new, more efficient capital goods is an important source of productivity change (see Greenwood et al. [12] ), which increases the marginal productivity of labor. Second, because the additional capital demands more workers to operate them. Both factors shift up the demand for labor increasing employment and the efficiency wage.
As an illustration, consider a fall in the price of investment goods, which triggers a rise in equilibrium Tobin's q. This makes investment more attractive and the stock of capital rises, which shifts up the demand for labor leading to an increase in employment and efficiency wages.
So far the model with non-linear training costs provides us a direction of causality that runs from Tobin's q to efficiency wages. This begs the question: Is this a general and robust result or does it depend on the assumptions of adjustment and training costs? Is not that possible to generate an inverse causality, that is, the efficiency wage affecting Tobin's q? The model in the following section answers these questions.
Combining adjustment and training costs
There is no reason for training costs to be independent of the capital stock and investment. That is, whenever the firm decides to hire new workers it has to train these workers to operate the existing capital stock and new machines as well. Furthermore, each additional unit of productive capital generates adjustment costs in relation to the existing capital stock. Therefore let us assume the following simple non-separable adjustmenttraining costs:
Using (3.1) in firm's problem the first-order condition for h is modified and in the steady state it yields:
The effort-wage elasticity becomes:
It is interesting to note that Proposition 2.1 holds in this case as well. That is, when training and adjustment costs are non-separable, the Solow condition does not hold and the efficiency wage is higher than the one consistent with the Solow condition.
Taking the adjustment-training costs given by (3.1) into account, (2.20), (2.12), and (2.16) become:
From (3.6) and (3.5) using (2.15) it follows that:
The system of (3.3), (3.4), and (3.7) determines the equilibrium values of K,N, and w. This raises Proposition 3.1 below.
Proposition 3.1. An increase in the equilibrium efficiency wage leads to a fall in Tobin's q.
Proof. A rise in the equilibrium efficiency wage leads to a reduction in the equilibrium number of hired workers, h * , by (2.15): dh * /dw * = Q w N < 0. In (2.15) the optimal value of efficiency wage, w * , is already given. Since it was determined together with N * and K * by (3.3), (3.4) and (3.7). Thus it follows that an increase in the efficiency wage leads to a fall in Tobin's q by (3.5): dq * /dw * = (2bδ/ p I )(dh * /dw * ) < 0. The important message of Proposition 3.1 is that with non-separable adjustment and training costs, the direction of causality is inverted: it runs from the efficiency wage to Tobin's q. Moreover, in this model the efficiency wage is negatively related to Tobin's q. One could argue that this last result is due to linear adjustment-training costs in the number of new workers in (3.1). However, considering non-linear (quadratic) adjustment-training costs in h does not change at all these results.
The models examined so far show that there are two possible results concerning Tobin's q and the equilibrium efficiency wage: (1) they are not related; or (2) they are related in terms of causality. It remains to be analyzed weather Tobin's q and the efficiency wage can be simultaneously determined in such a way to give a bi-directional causality between them. This exercise appears in the next section.
A general adjustment-training costs function
In the discussion of the non-separable adjustment-training costs function presented last section, the number of employed workers play no role. This seems to be an important omission. When the firm hires new workers it has to adapt them to the existing productive teams of workers in order to provide training and to allocate old and new capital per worker. This implies that the adjustment-training costs function has to incorporate the number of employees as a scale variable:
Solving the model with this general adjustment-training costs function one has:
2) 
Proposition 4.1 is a remarkable result, since even in the presence of turnover costs the Solow condition can be a possible result. One implication of Proposition 4.1 is that with general adjustment-training costs as given by (4.1) the efficiency wage is smaller than the efficiency wage found in the previous models.
By substituting (4.2) into (2.7) and (2.16) yields, respectively:
Finally by substituting (2.15) into (4.3) one has:
The examination of the system formed by (4.5), (4.6), and (4.7), generates the following proposition. Proof. It is easy to see that the system of (4.5), (4.6), and (4.7) determines the equilibrium values of K, N, w, and q simultaneously.
The consequence of Proposition 4.2 is that there is bi-directional causality between Tobin's q and the efficiency wage in the steady state equilibrium.
Concluding remarks
This paper has presented a model that blends the neoclassical theory of investment with an intertemporal efficiency wage model with turnover costs. This framework allows the study of the relationship between Tobin's q and the efficiency wage, and its implications for the allocation of capital and labor.
In a simple set up where training costs of new workers are independent of adjustment costs of capital, it is shown that the effort-wage elasticity is less than one, that is, the Solow condition does not hold. In addition, for the case of linear training costs, there is no relationship between Tobin's q and the efficiency wage. However, when non-linear training costs are taken into consideration, Tobin's q affects the efficiency wage. Specifically, an increase in Tobin's q leads to an increase in the optimal stock of capital, labor employment and in the efficiency wage.
When the training costs are assumed to be non-separable from adjustment costs of capital the effort-wage elasticity is still less than one, and the Solow condition does not hold either. As opposed to the previous case, however, with non-separable costs the efficiency wage affects Tobin's q. The model shows that an increase in the equilibrium efficiency wage leads to a fall in Tobin's q.
Finally, by considering general non-separable adjustment-training costs in which the stock of employees enters as a scale variable, the model generates a simultaneous determination of Tobin's q and efficiency wages. Moreover, the effort-wage elasticity can be equal or greater than the unity, which means that the Solow condition can hold in this case.
